We examine extensions of the Standard Model (SM), basing our assumptions on what has already been observed; we don't consider anything fundamentally different, such as grand unification or supersymmetry, which is not directly suggested by the SM itself. We concentrate on the possibility of additional low mass fermions (relative to the Planck mass) and search for combinations of representations which don't produce any gauge anomalies. Generalisations of the SM weak hypercharge quantisation rule are used to specify the weak hypercharge, modulo 2, for any given representation of the non-abelian part of the gauge group. Strong experimental constraints are put on our models, by using the renormalisation group equations to obtain upper limits on fermion masses and to check that there is no U (1) Landau pole below the Planck scale. Our most promising model contains a fourth generation of quarks without leptons and can soon be tested experimentally.
Introduction
Over the years there have been numerous attempts at extending the Standard Model (SM). Some of these models have been proposed with the purpose of explaining some particular feature of the SM. For example, Grand Unified Theories (GUTs) 'explain' the convergence of coupling constants at some energy as a manifestation of a single fundamental unified interaction. Other models such as Supersymmetry (SUSY) have been proposed for mainly aesthetic reasons; SUSY introduces a symmetry between bosons and fermions. But so far none of these attempts has been entirely successful, although SUSY GUTs are phenomenologically consistent with the unification of the SM gauge coupling constants and do not suffer from the technical gauge hierarchy problem.
Another approach to extending the SM is to look at the SM itself and look for distinctive features which could be generalised or assumed to hold in an extended theory. The SM has been so successful that, within our experimental and calculational accuracy, it has proved to be a perfect description of nature (except for the gravitational interaction). So we have good reason to say that taking guidance from the SM is akin to "listening to God".
Having accepted this point of view we must now try to interpret the message of the SM. By this we mean that we must look for fundamental features in the SM which could distinguish it from similar and, without experimental evidence, equally plausible models. We propose that one such feature is charge quantisation. This can be expressed as y 2 + 1 2 "duality" + 1 3 "triality" ≡ 0 (mod 1)
where y is the conventional weak hypercharge. The duality has value 1 if the representation is an SU(2) doublet (2) and 0 if it is an SU(2) singlet (1) . The triality has value 1 if the representation is an SU(3) triplet (3), 0 if it is an SU(3) singlet (1), and -1 if it is an SU(3) anti-triplet (3) . In general we can define N-ality to be the number of N-plet representations of SU(N) which must be combined to give the representation of SU(N). In particular N-ality has value 1 if a representation is an SU(N) N-plet (N), 0 if it is an SU(N) singlet (1), and -1 if it is an SU(N) anti-N-plet (N). Note that in SU(2) the 2 representation is equivalent to the 2 representation. We expect that in an extension of the SM this charge quantisation relation or some generalisation of it will hold. An obvious way of extending the SM is to extend the gauge group. The Standard Model Group (SMG) is [1, 2] SMG ≡ S(U(2) ⊗ U(3)) = U(1) ⊗ SU(2) ⊗ SU(3)/D 3 (2) where the discrete group D 3 ≡ {(e i2π/6 , −I 2 , e i2π/3 I 3 ) n : n ∈ Z 6 }
ensures the above quantisation rule (I N is the identity of SU(N)). We argue that the most obvious extension is to add more groups to the sequence U(1) ⊗ SU(2) ⊗ SU(3) and to use a different discrete group so that the quantisation rule above is generalised to involve all the group components. One of the groups we consider is
where the discrete groupD 5 is defined aŝ D 5 ≡ {(e i2π/N 5 , −I 2 , e i2π/3 I 3 , e i2πm 5 /5 I 5 ) n : n ∈ Z N 5 }
where N 5 = 2 * 3 * 5 and m 5 is an integer which is not a multiple of 5. This group gives a generalised quantisation rule y 2 + 1 2 "duality" + 1 3 "triality" + m 5 5 "quintality" ≡ 0 (mod 1) (6) which is the simplest generalisation of the SM charge quantisation rule. Further generalisations are obtained by extending the sequence U(1) ⊗ SU(2) ⊗ SU(3) with a set of SU(N) factors, where the 'N's are greater than 3 and mutually prime. The latter condition ensures that the generalised quantisation rule shares the property with the SM rule, eq. (1), that a given allowed value of y 2 implies a unique combination of N-alities: (duality, triality, . . . , N i -ality, . . . )
1 . We will consider the fundamental scale to be the Planck mass (M Planck ) and our models will be a full description of physics without gravity below this scale. The assumptions we make about our models essentially lead to the conclusion that all new fermions with a mass significantly below M Planck must have a mass below the TeV scale as explained in section 3.2. Therefore our models all describe low energy physics (below the TeV scale) and have a desert up to the Planck scale where new physics will occur. We don't specify any details about the Planck scale physics since it is largely irrelevant to low energy physics.
We shall describe the gauge groups considered in this paper and the motivation for choosing such groups in section 2.1.1. We shall consider general types of gauge groups and also give specific examples, concentrating on the group G 5 defined above. When we also impose the condition that all fermions are in fundamental representations, as in the SM, we are limited to the models which we shall consider in this paper. After choosing the gauge group we want to examine which low mass fermions (low relative to the Planck scale) can exist in the model. We must check that the model is then consistent, both theoretically and experimentally.
The main theoretical constraint is that there are no anomalies as described in section 2.3. This greatly limits the choice of fermions and their weak hypercharges in our models. In appendix A we show how the SM generation can be derived using our assumptions about charge quantisation and anomaly cancellation.
There is one important fact to keep in mind when proposing any extended model which has extra non-Abelian gauge groups such as SU(N). As we already know from the SM, the SU(3) group acts as a technicolour group [3] and gives a contribution to the W ± and Z 0 masses. In the SM this contribution is very small but when confining groups with N > 3 are considered we must carefully consider the effect this will have. Since we are not wanting the complications of extended technicolour in order to generate quark and lepton masses, we assume that there is a Higgs doublet and that the masses of the weak gauge bosons are generated by a combination of the Higgs sector of the theory and the technicolour effects of the gauge groups. This happens in exactly the same way as in the SM where QCD gives a small contribution to the W ± and Z 0 masses [3] . For our models to be perturbatively valid, all Yukawa couplings at the electroweak scale must be not much greater than 1. However, we will sometimes take a somewhat higher mass threshold for all the new fermions when checking to see if a model could be perturbatively valid up to the Planck scale. For example, we can calculate the running gauge coupling constants, assuming that all the new fermions can be included in the renormalisation group equations (RGEs) at the TeV scale. Thus we can check to see if any gauge coupling constant becomes infinite below the Planck scale (i.e. if there are any Landau poles, especially for the U(1) coupling). If the threshold was lower then the new fermions would effect the coupling constants even more but this would only be a small effect. Obviously we do not want the coupling constants to become infinite or the theory will be inconsistent. When we do this we find that there are few self-consistent models allowed by our assumptions, in the sense that for any particular gauge group only a few combinations of fermions which cancel the anomalies do not cause the U(1) gauge coupling to diverge.
We will show that in the model with gauge group G 5 we can add new fermions with masses accessible to present or planned future accelerators, in particular a fourth generation of quarks without any new leptons. Although the model is consistent and can be tested experimentally in the near future, it is not called for theoretically and does not resolve any of the outstanding problems of the SM. Nevertheless it is the simplest alternative to the SM which has the same characteristic properties as the SM itself.
In section 2 we shall outline our requirements for a viable model. We will discuss theoretical constraints such as anomaly cancellation as well as aesthetic extrapolations from the SM, including charge quantisation as already mentioned.
In section 3 we shall discuss the experimental constraints which arise from the consistency of the SM with experiments. This includes the experimental limits on the mass of the top quark and the masses of new, undetected fermions.
In section 4 we will discuss the simplification of the anomaly constraints when we assume that all fermions get a mass by the SM Higgs mechanism.
In section 5 we shall show the difficulty of constructing a model where all the new fermions are in 5-plet or anti-5-plet representations of SU (5) . We shall show that such a solution is not possible within the context of our model.
In section 6 we will see how the difficulties of section 5 can be overcome by also adding fermions which are SU(5) singlets; in particular a fourth generation of quarks but no fourth generation of leptons. We will also show how such a solution can be formulated in a more general gauge group.
In section 7 we shall discuss the overall merits of such a model and how easily it could be tested experimentally.
Discussion of Formalism of Models and Theoretical Constraints
First we shall discuss which models we will be considering as viable extensions of the SM and then we shall discuss in detail the requirements for a potentially successful extension of the SM. We shall use some of these constraints when constructing models and the rest to check the consistency of our models.
Extrapolations From the SM
In this section we discuss aesthetic extrapolations from the SM. These are features of the SM which have no obvious explanation but in some way can be used to specify the model almost uniquely. We try to pick out these features and carry them over to or generalise them in our extended model. This is a method of selecting a particular model and our view is that this is the most logical method although the features chosen may of course be subject to personal prejudice.
Extending the Gauge Group and Charge Quantisation
As stated in section 1, an obvious way of extending the SM is to extend the gauge group. The SMG is;
where the discrete group
ensures the quantisation rule, eq. (1). We believe that the most obvious extension is to add more special unitary groups to the sequence U(1) ⊗ SU(2) ⊗ SU(3) and to use a different discrete group so that the quantisation rule above is generalised.
In [1] it is argued that the group should be of the form
where the product is over all SU(q) where q is a prime number less than or equal to the prime number p. The discrete groupD p is defined aŝ
where N p = 2 * 3 * 5 * · · · * p and m N is an integer which is not a multiple of N. In fact we can obviously choose 0 ≤ m N ≤ N − 1 since m N is really only defined modulo N. We also have the freedom to choose that there are, for example, at least as many SU(2) doublets which are N representations of SU(N) as N representations since we can conjugate SU(N) and set m N → −m N (mod N).
We will use this fact later to eliminate duplicate solutions where all N-plets and anti-N-plets have been interchanged. This also allows us to fix m 3 = 1. This group gives a generalised quantisation rule
We will also consider the more general groups defined as
where
HereN = 2 * N 1 * · · · * N k and the N i are odd and mutually prime (we can obviously assume they are arranged in ascending order). So the quantisation rule is
where we have defined d to be the duality and n i to be the N i -ality of a representation. The groups SMG 23N are the minimal extensions of the SMG (≡ SMG 23 ) which are inspired by the SMG, in the sense that each is also a cross product of U(1) and a set of distinct special unitary groups with a charge quantisation rule involving all the direct factors and contains the SMG as a subgroup. The property of the SMG that the value of y 2 determines both the duality and triality extrapolates to the principle that y 2 should also fix the N-ality, but then it is needed that 2, 3 and N are mutually prime.
It has been suggested that a defining property of the SMG is that it has few outer automorphisms relative to the rank of the group [4, 5] . This can be described by saying that it is very skew. The intermingling of the various simple groups SU(2), SU(N 1 ), . . . SU(N k ) implied by the charge quantisation rule, eq. (14) , helps to suppress the number of outer automorphisms and "generalised automorphisms". Thus a group like SMG 2N 1 N 2 ...N k would indeed be more skew than groups without such intermingling. Alternatively we can derive eq. (14) directly as a natural generalisation of the SM charge quantisation rule, eq. (1).
Of course it is possible that the apparent charge quantisation rule in the SM is simply due to chance; i.e. the fermions in the SM just happen to obey that particular rule. However we believe that the quantisation rule is a fundamental feature of the SM; so we argue that it is very difficult to see how there cannot be a generalisation of this rule in an extended model, while still retaining the general features of the SM. In fact the form of the generalised quantisation rule is suggested from the SM and there seems to be little choice in selecting the rule since the SM rule appears to be the one which involves all the direct factors equivalently. In fact the choice of the most complicated charge quantisation rule in some way defines the SMG. This is why we have divided out the discrete groupsD p and D 2N 1 ...N k .
Small Representations
In the SM, for each SU(N) group, the fermion representations are either N-plet (N), anti N-plet (N) or singlet (1). This can be described by saying that all the fermions lie in fundamental representations of each SU(N) group to which they couple. We pick this as a feature of the SM which we shall extend to our models. We note here that this is in contrast to some other attempts to extend the SM. For example in SUSY there are fermions in other representations (e.g. gauginos in adjoint representations). Fundamental representations are also suggested in [6] since these make the Weyl equation most stable when considering random dynamics 2 . Another feature is that the weak hypercharge is in some way minimised in the SM, subject of course to the constraints of anomaly cancellation and charge quantisation, as shown in appendix A. So in our extended model we will choose hypercharge values close to zero when this is possible. More precisely, we choose to minimise the sum of weak hypercharges squared over all fermions. This will also minimise the running of the U(1) gauge coupling constant and so give each model the best chance of being consistent up to the Planck scale, which we require as stated in section 2.1.3.
Higher Energies -Desert Hypothesis
The SM has been tested at energies up to a few hundred GeV. There have been many theories proposed which would be valid at energy scales ranging from 1 2 In fact, from this point of view, each representation of the full gauge group should only be non-singlet with respect to one non-Abelian factor. This is not true for the left handed quarks but is true for all other fermions in the SM. However the left handed quarks are required in order that there are no gauge anomalies. So TeV. An alternative is that there is no new physics until the Planck scale where we can be almost certain that quantum gravity will have a significant effect. We shall adopt this view for our extended models. This means that once we have set the mass scale for the fermions in the extended model, we can calculate the running coupling constants and check to see if there is a Landau pole below the Planck scale, i.e. whether the U(1) gauge coupling becomes infinite below the Planck scale. If there is a Landau pole then we will conclude that such a model is not consistent.
Fermion Representations and Alternative Groups
In this section we shall describe some alternative extensions of the SM. We will consider groups similar to those we are examining in this paper in the sense that they contain the SMG and additional special unitary group factors. This obviously does not include models which unify the individual components of the SMG or models which involve SUSY. There have been many such models and the additional symmetries are usually used to explain coupling constant unification, the number of families in the SM or the fermion mass hierarchy in a fairly natural way.
In the models described in section 2.1.1 the SM fermions cannot couple to any new gauge fields because of the charge quantisation rule. This is due to the fact that all values of y 2 in the SM are multiples of 1 6 and so the charge quantisation rule, eq. (14), forces the SM fermions to be singlets of all SU(N) groups where N > 3 are distinct primes.
However the situation is more complicated if we allow more than one SU(N) gauge group for any particular N. Where we have N = 2 or 3 there are two distinct cases. In the first case the SM group SU(N) is an invariant subgroup of the extended group. We then call the extra SU(N) groups a horizontal symmetry. In the other case the SU(N) group in the SMG is not an invariant subgroup and is generally a diagonal subgroup of the extended group.
Invariant Subgroup Case: Horizontal Symmetries
If we have one more SU(2) or SU(3) group then we can have a horizontal symmetry (a non-abelian symmetry which places fermions from different generations in the same multiplet). The idea of a gauged horizontal symmetry is not new and has been used to try and explain the mass hierarchy of the SM fermions [7] . However, an SU(N) group with N > 3 is not a possible horizontal symmetry without introducing many more fermions because there are only 3 generations of SM fermions and the smallest non-trivial representation of SU(N) is the N-plet.
For example if N = 5 we would have an SU(5) horizontal symmetry and so we would need at least 5 generations of SM fermions.
If the horizontal symmetry gauge group is SU(3) H then we must place fermions from different generations in the same triplet (or anti-triplet). It turns out that the only way to do this, avoiding anomalies (see section 2.3) and not introducing any new fermions, is to put all fermions in the same (or conjugate) representation of SU(3) H as they are in the colour group SU(3) C of the SM; so that all three generations of left handed quarks are put in a triplet (or anti-triplet) of SU(3) H etc. However, the SM fermions would not then obey the charge quantisation rule which might be expected, similar to eq. (14);
If the horizontal symmetry group is SU(2) H then we can make some or all SM fermions triplets of SU(2) H but this is not the smallest representation and so we do not favour this as explained in section 2.1.2. We could place some fermions in doublets of SU (2) H . This could be done, without introducing any anomalies, by placing two generations of quarks in the same doublet or taking two generations and placing the fermions in the same representation of SU(2) H as they are in SU(2) L . Different doublets could connect fermions from a different pair of generations. For example left handed quarks from the first and second generations could be in the same doublet, right handed 'up' quarks from the first and third generations could be in the same doublet and right handed 'down' quarks from the second and third generations could be in the same doublet. This would not give any anomalies though it is difficult to see how this could be used to explain the fermion masses. The main problem is that fermions in different generations with very different masses are put in the same multiplet. This means that the fermions would naturally get the same mass. It is difficult to break the symmetry in such a way that the masses of all the different fermions are split by realistic amounts [7] .
We do not consider these possibilities in this paper because triplets of SU(2) are not fundamental representations and the other possibilities, with gauge group SU(2) H or SU(3) H , mean that the fermions could not obey the extended charge quantisation rule. Of course models involving horizontal symmetries do not enforce such charge quantisation rules.
Non-invariant Subgroup Case: SMG as Diagonal Subgroup
In the case where, for example, the SU(3) C subgroup of the SMG is not an invariant subgroup of the full gauge group, the only possibility is that it is a diagonal (or anti-diagonal) subgroup of SU (3) n . In this type of model different generations can couple to different SU(2) and SU(3) gauge groups in the full gauge group. There would then be symmetry breaking to produce the SMG, in such a way that SU(3) C could be said to be a diagonal subgroup of all the SU(3) groups in the full group which exists at energies higher than the symmetry breaking scale. In other words, SU(3) C is then the subgroup in which all the SU(3) groups undergo the same transformations. In this way it is trivial to cancel all the anomalies, since each generation of quarks and leptons cancel all anomalies separately and couple to a U(1) ⊗ SU(2) ⊗ SU(3) subgroup of the full group in the same way as they couple to the SMG. This is in contrast to the invariant subgroup case, where the SM fermions had to couple to the SMG and also to other subgroups of the full gauge group. Also in the diagonal case, the dimension of each representation is the same as in the SM, whereas, in the invariant subgroup case, the dimensions were larger since different SM representations were combined under the horizontal symmetry. This type of model has been proposed [8] as an alternative to horizontal symmetries or grand unification. Examples include topcolour models [9] and the anti-grand unification model [10] , where the group SMG 3 ≡ SMG ⊗ SMG ⊗ SMG has been used to successfully predict the values of the gauge coupling constants. The anti-grand unification model has also been analysed as a model to explain the hierarchy of SM fermion masses [11] . Here the extended model with gauge group SMG 3 ⊗ U(1) f has been fairly successful at reproducing the observed fermion masses in an order of magnitude approximation (reproducing all SM fermion masses within a factor of 2 or 3). The extra U(1) f gauge symmetry is called a flavour symmetry and is required to produce the observed mass differences within the second and third generations, e.g. m b ≪ m t .
We note that the fermions in some of these models obey extended charge quantisation rules which we would expect. For example the fermions in the SMG 3 model obey the charge quantisation rules;
where the three copies of the SMG are labelled by i = 1, 2 and 3. With three separate charge quantisation rules, this is not truly a straightforward extrapolation of the SM charge quantisation rule. However it is similar in the sense that these rules are required to produce the group SMG 3 which has as large χ as the group SMG itself. 3 The quantity χ measures how strongly intermingled the U(1) subgroups are with the semi-simple part via the dividing discrete groups (i.e. equivalently via the quantisation rule(s)). It happens that groups of the form SMG n have the largest possible value of this measure χ= ln(6)/4. The charge quantisation rules are chosen to maximise χ for the group SMG 3 ⊗ U(1) f among all those with the same algebra although this group does not have as large a value of χ as the SMG. In fact χ = ln (6 3 )/13 = 12 13 ln(6)/4 for the group SMG 3 ⊗ U(1) f . However, the symmetry breaking scale of the group SMG 3 is taken to be just below the Planck scale in the anti-grand unification model and in this paper we wish to study the possibilities of new physics at much lower energies; energies of the same order of magnitude as the electroweak scale rather than the Planck scale. This is still possible in such a model but it then loses its ability to predict the gauge coupling constants. Topcolour models do introduce new dynamics at the TeV scale but in this paper we shall not consider such models.
Anomalies

Gauge Anomalies
In any chiral gauge theory, gauge anomalies can arise. These anomalies lead to an inconsistent theory and so they must not be present in a good theory. Each fermion representation makes its contribution to each type of anomaly. We say that there is an anomaly present if the total contribution to an anomaly from all the fermion representations is non-zero.
As explained in section 2.1.1, the models considered in this paper have gauge groups of the general form
The discrete group D leads to charge quantisation. We assume all fermions to be in N, N or singlet (1) representations of each SU(N), as discussed in section 2.1.2. We define n to be the N-ality of a representation (n = 1 (-1) for representation N (N) and n = 0 for singlet representation). We can also define the size, S, of each representation as the dimension of the representation (e.g. in the SM, S = 6 for the (2, 3) representation of SU(2) ⊗ SU(3) which is equivalent to the fact that there are 6 left-handed quarks in each generation). For gauge anomalies we sum the contribution for all left-handed fermions and subtract the sum over all right-handed fermions. This is equivalent to summing over left-handed fermions and left-handed anti-fermions. We have now introduced all the necessary notation to write down general equations for all types of gauge anomalies.
The requirement that there are no anomalies present in a theory is analogous to the triangle Feynman diagram in Fig. 1 with a fermion loop and three external gauge bosons (labelled by G, G ′ and G ′′ ) having zero amplitude for all possible choices of gauge bosons G, G ′ and G ′′ . The contribution from each fermion representation is calculated by making particular choices for the fermions in the
Figure 1: For the theory to be anomaly-free, the amplitude of this Feynman diagram must be zero for all choices of external gauge bosons after summing over all possible fermions in the internal loop (triangle).
internal loop. These contributions must then sum to give zero amplitude if there is to be no anomaly.
If each of G, G ′ and G ′′ is an SU(N) gauge boson where N ≥ 3 then each representation gives a relative contribution of Sn 3 = Sn (since n = −1, 0 or 1 in our models). The total contribution is therefore i S i n i where i labels each lefthanded fermion (and anti-fermion) representation. We label this type of anomaly [SU(N)] 3 and require
Another type of anomaly corresponds to the diagram with one U(1) gauge boson and two SU(N) gauge bosons where N ≥ 2, labelled as [SU(N)] 2 U(1). Each representation gives a relative contribution Sn 2 y. Therefore we require
The final type of gauge anomaly corresponds to the diagram with all the gauge bosons G, G ′ and G ′′ being U(1) gauge bosons. This is labelled as [U(1)] 3 and each representation gives a relative contribution Sy 3 . Therefore we require
Other Anomalies
There is also a mixed gravitational and gauge anomaly [12] which corresponds to one U(1) gauge boson and two gravitons. We will label this as [Grav] 2 U(1). Each representation gives a relative contribution Sy and so this leads to the constraint
Another possible anomaly is the Witten discrete SU(2) anomaly [13] . This states that if the number of left-handed SU(2) doublets is odd then the theory is inconsistent. As we shall see later this anomaly does not give us any problems.
Experimental Constraints
In this section we shall discuss the constraints on our models which are due to experimental evidence. In particular we are concerned with the possibilities for the existence of more fermions and what restrictions can be imposed both directly and indirectly on their mass. Some difficulty arises since fermions may be confined and so not directly observable. This means that direct experimental restrictions will refer to the mass of particles which are combinations of these fermions, like hadrons in the case for quarks.
Direct Experimental Constraints on Fermion Masses
First we shall discuss the constraints on fermion masses due to the fact that so far no non-SM fermions have been observed. We shall show that this rules out any extra massless fermions and then give current limits on the masses of different type of new fermions.
Massless Fermions
Only three massless fermions have been observed and they are the three massless neutrinos described in the SM (even if the neutrinos do have a small mass we know that there are only 3 with a mass less than 1 2 M Z ). Any other massless fermions, which had any significant coupling to the SM fermions or gauge bosons, would have been observed if they were not confined. When we assume that fermions belong only to fundamental and singlet representations (as postulated in section 2.1.2), the charge quantisation rule in our models ensures that the only possible fermions which would not be electrically charged would be neutrinos. A left-handed neutrino without a right-handed neutrino would be massless as in the SM. We already know that there are only three such neutrinos and so we cannot consider this as a possibility for new fermions. A right-handed neutrino would be completely decoupled from the gauge group and so it could get a gauge invariant Majorana mass. So we would expect that it would have a mass ∼ M Planck and so it is excluded as a low mass fermion in our models. Therefore any new massless fermions in our models must be electrically charged and so must also be confined by a new interaction well above the QCD scale, on phenomenological grounds.
If there is a confined gauge group then we assume that fermion condensates will be formed as in QCD. If a fermion doesn't have a chiral partner with respect to some confined group H, the condensates formed will break the group H. So if we assume that there is no spontaneous gauge symmetry breaking, other than that of the electroweak symmetry group, no fermions can be chiral w.r.t. G where the full gauge group is U(1) ⊗ SU(2) ⊗ G/D (where D is some discrete group). In our models the extra SU(N) gauge groups are all confining (with negative beta functions), so that G ≡ H.
If the left-and right-handed fermions occur with the same representations of the full gauge group U(1) ⊗ SU(2) ⊗ G/D, then the fermions can form a Dirac mass term in the Lagrangian. So they would be expected to get a mass comparable to the fundamental scale, which we take to be the Planck mass in our models. Such fermions would not contribute to any anomalies and would not be observable because of their high mass. We shall therefore ignore them in our models. If a fermion cannot form such a fundamental Dirac (or Majorana) mass term then we say it is mass protected, since it would be fundamentally massless and could only get a mass indirectly through some interaction such as the Higgs mechanism. All the fermions considered in our models are mass protected by the electroweak interactions.
We conclude that all new fermions in our models must get their mass from the Higgs mechanism. Furthermore, they must couple to the usual SM Higgs particle in the same way as the SM fermions. In other words, the fermion condensates must have the same quantum numbers as the SM Higgs boson; otherwise their contributions to the W ± and Z 0 masses, via the usual technicolour [3] mechanism, would be analogous to those from the vacuum expectation values of Higgs particles with non-standard weak isospin and hypercharges. This would lead to a significant deviation of the ρ parameter (ρ ≡
) from unity [14] in contradiction with precision electroweak data.
Massive Fermions
In the SM there are two different types of fermions, quarks and leptons, which differ by the fact that quarks couple to the SU(3) gauge fields and so are confined, whereas leptons have no direct coupling to the SU(3) gauge fields and are not confined. There are experimental limits on the masses of any quarks and leptons which have not yet been observed. If there are any more leptons then they must have a mass greater than 45 GeV [15] . We shall assume that there are no more leptons, since even the neutrino would have to get a mass larger than this and it is difficult to see how a neutrino could naturally be given a mass greater than 45
GeV but still much lower than the fundamental scale (which is the Planck scale in our models). This is because a right-handed neutrino, as already discussed in section 3.1.1, would naturally get a Majorana mass and so the see-saw mechanism [16] would leave the left-handed neutrino with a very small mass. For this reason we cannot allow any more generations of SM leptons. However the limits on the quark masses are dependent on the type of quark and its decay modes.
The top quark has recently been observed by the CDF and D0 collaborations [17] . The mass is in the range 150-220 GeV. For the purpose of this paper we take the limit on possible fourth generation quarks, t ′ and b ′ , to be
from the dilepton analyses of the CDF and D0 groups [18] (less restrictive limits apply if other decay modes are dominant). Note that experimental limits are taken to apply to the pole masses. The above experimental limits do not apply to new fermions which are not singlets of the additional SU(N) gauge groups. These fermions would be more difficult to detect experimentally and would anyway be confined inside 'hadrons' with a confinement scale (generically at the electroweak scale) much higher than the QCD scale. We require our models to remain perturbative in the desert from the TeV scale to the Planck scale. So we can use the RGEs to examine how the Yukawa couplings evolve from the Planck scale down to the electroweak scale. In particular we study the infra-red quasi-fixed-point structure of the renormalisation group equations (RGEs). In the SM the fixed point values provide upper limits on the mass of the top quark, M t , and the Higgs scalar, M H . Similarly in extended models we get upper limits on the masses of the heaviest fermions, though the precise values depend on the relative masses of these fermions and also the unknown gauge coupling strength, g N , of the SU(N) groups to which the fermions couple. Also we must be careful to point out that the RGEs describe the running of the Yukawa couplings and, as we discuss in section 3.2, the actual masses will be less than naively expected, due to the technicolour-like contribution from SU(N) to the electroweak vacuum expectation value (VEV), v = 246 GeV. As we shall see, this will enable us to quite accurately predict the masses of some of the fermions we introduce in our model in section 6, since we have theoretical upper limits and experimental lower limits.
Technicolour Contributions
Technicolour theories [3] have been proposed as an alternative to the Higgs mechanism to provide a mass for the weak gauge bosons. This is based on the fact that QCD would provide a (very small) mass for these bosons without any Higgs scalars. Similarly any other confining SU(N) gauge groups, with fermions which are non-trivial under U(1) ⊗ SU(2), are expected to form fermion condensates which would contribute to the W ± and Z 0 masses. In our models the charge quantisation rule ensures that all fermions are non-trivial under U(1). Thus all SU(N) groups in our models, which are coupled to fermions, will contribute to the weak boson masses.
We stress that we are not proposing a technicolour model as such, but simply taking into account the unavoidable effect that adding an SU(N) group has. We are assuming that the Higgs sector of our models is the same as in the SM, i.e. one Higgs doublet, and that the fermion condensates have the same quantum numbers as the Higgs doublet. Then the VEV due to the Higgs field, < φ W S >, is related to the total VEV, v, and the contribution from SU(N) due to fermion condensates, F π N , by the relation:
which is exactly the same as in technicolour models with a scalar [19] . The fermion running masses, m f , are related to the Higgs field VEV in the usual way:
where y f is the Yukawa coupling constant for the fermion f (y is used for both Yukawa coupling and weak hypercharge but it should be obvious from the context which is being referred to). For quarks, the running mass is related to the pole mass, M f , by
where α S (M f ) is the QCD fine structure constant at the pole mass. For quarks with a mass of order M Z we can approximate α S (M f ) ≈ α S (M Z ) to give the approximate formula:
This means that the pole mass of a heavy quark will be about 5% higher than the running mass. However, we will use eq. (24) when calculating the pole masses of the quarks. Using the Yukawa coupling infrared quasi-fixed point value as an upper bound, we must avoid any significant suppression of the top quark and possible fourth generation quark masses due to the reduction of < φ W S > below its SM value. We usually imagine taking
and thus < φ W S > > 234 GeV (27) In fact we shall quote limits on fermion pole masses based on taking
This gives the following relation for the pole mass of quark f :
In the approximation M f ≈ M Z we get:
Upper limits for fermion masses are obtained by using quasi-fixed-point values for the Yukawa coupling constants, y f , as determined from the RGEs in viable models with a desert above the TeV scale. These infra-red fixed point Yukawa couplings are of order unity. However for the purposes of investigating the behaviour of the gauge coupling constants, and especially to demonstrate that the U(1) coupling constant develops a Landau pole in our model without new fermions (section 5), we take a more generous single threshold of ten times the electroweak scale ∼ 1.7 TeV for all new fermions in that model. For our discussion in section 6 of the model with a fourth generation of quarks we take the more stringent lower threshold value of M Z , in order to demonstrate the absence of Landau poles in this case.
Precision Electroweak Data
Measurements of electroweak interactions are now accurate enough to be sensitive to loop corrections to propagators and vertex corrections. These effects are model dependent and can be sensitive to the values of some parameters such as fermion and Higgs masses. So far the SM seems to be consistent with the precision electroweak measurements and obviously any other viable model should also agree with the data. We note, as discussed in [20] , the data impose two important constraints on new fermion SU(2) doublets in our models:
1. The mass squared differences within any new fermion SU(2) doublets must be small (≪ (100 GeV) 2 ), in order that the predicted value of the ρ parameter should not deviate too much from its experimental value close to unity.
2. The number of new SU(2) doublets is severely restricted by the measured value of the S parameter or its equivalent [21] .
Fermion Mass and Anomaly Cancellation
In the SM fermions get a mass via the Higgs mechanism. To do this in a general gauge group of the form
where G is any Lie group and D is a discrete group, using the SM Higgs particle, a left-handed fermion representation (y, 2, R) should occur together with the left-handed anti-fermion representations (−[y + 1], 1, R) and (−[y − 1], 1, R).
We shall refer to this as the mass grouping {y, R} where R is an irreducible representation of G. As explained in section 3.1.1 we assume that all fermions in our models, other than the leptons which have already been observed, get a mass by this mechanism. We shall now describe what consequences this has for anomaly cancellation in our models, where G is a product of SU(N i ) groups with N i ≥ 3. We consider the grouping {y, R} for the gauge group
where the irreducible representation R is made up of fundamental (N i or N i ) or singlet representations of each factor SU(N i ). The contribution to each type of anomaly from this grouping, {y, R}, is easily calculated, using the results of section 2.3, to be as follows.
[SU(N i )]
Here n i is the N i -ality of the representation R and S R is its dimension (size). So we can see that the above grouping which is necessary to give a mass to the fermions also simplifies the anomaly constraints. In particular, if we take all fermions to be grouped in this way then we are only left with the single constraint for the absence of the mixed gauge-gravitational and gauge anomalies
where j labels each grouping {y j , R j }. There will also be no Witten anomaly, since we must have an even number of SU(2) doublets to satisfy eq. (31). This follows from the charge quantisation rule eq. (14), the fact that N i are all odd and the assumption of fundamental or singlet representations for each SU(N i ) subgroup. Using the charge quantisation rule and defining
we can write
where c j , d j and e j are integers and d j are odd. Therefore, since eq. (31) can be written as j S j y j 2 = 0, we must have j S j 1 2 ≡ 0 (mod 1). In other words j S j ≡ 0 (mod 2), which means that there are an even number of SU(2) doublets and so no Witten anomaly.
The SM G 23Model Without New SM Fermions
Here we will examine the model based on the gauge group SMG 235 ≡ G 5 defined in eqs. (4) and (5), since it is the absolute minimal extension to the SM among all the possible groups we have proposed in section 2.1.1. In section 6 we will consider models based on the groups SMG 23N of eqs. (12) and (13), including new SM fermions to highlight the general features of all such extensions to the SM. However we will only analyse the consequences in detail for SMG 235 .
In this section we will discuss the two possibilities: (i) that there are no new fermions beyond those of the SM and (ii) that there are new fermions which all couple to the SU(5) gauge group. This latter possibility may seem to be tantamount to adding a completely separate sector to the SM rather than extending the SM, since the new fermions will be confined under a new gauge group. However, it is really no more a separate sector than the SM is three separate sectors (one for each generation), since these extra fermions will still couple to the electro-weak group due to the charge quantisation rule. We will discuss the other possibility, that there are new fermions, some coupling to the SU(5) gauge group and others not, in section 6
No New Fermions
There is of course the possibility that there are no extra fermions associated with this enlarged group. If this is so then the only possible observations would be the detection of SU(5) 'glueballs'. In this case the SU(5) gauge group would be decoupled from the SMG and so the only way to observe the glueballs would be through their gravitational interactions. They could have been produced in the very early universe and the lightest state would be essentially stable since they could only decay via the gravitational interaction. Therefore they would only be observable as dark matter.
So this case is essentially uninteresting and will not be considered further. Instead we turn to the possibility that there exist more types of fermions than have been currently observed and consider whether or not they can be incorporated into a consistent model.
New Fermions Coupling to SU (5)
Of course fermions all contribute to anomalies which must be cancelled. The fermions in the SM cancel all anomalies on their own; so the extra fermions must cancel all anomalies amongst themselves.
As explained in section 4 the anomaly equations in our models are greatly simplified when all the fermions are massive due to the SM Higgs mechanism. In fact they are reduced to just one equation, i S i y i = 0. If we label each mass-grouping of fermion representations by the label {y, R} where R is the representation of the group SU(3) ⊗ SU(5), then table 1 shows all six possible groupings, a to f , and their relative contributions, S i y i , to the anomaly equation. We use eq. (6) with the definition m ≡ m 5 to simplify the notation, giving us the charge quantisation rule,
where the integer m is fixed in any given model 4 . So we can determine y 2 (mod 1) for any given representation R. For a solution to the anomaly equation i S i y i = 0, we must obviously combine the fractions m 5 so that the 5 is cancelled in the denominator since all Ns are integers. We must also have an even number of groupings so that the 1 2 's combine to give an integer. This automatically ensures that there can be no Witten anomaly as explained in section 4. This can be done by using equal numbers of type a and type b groupings. The two smallest solutions are in fact: (i) one type a grouping and one type b grouping and (ii) two groupings of type a and two of type b. The smallest solution, (i), is not possible without giving the fermions a fundamental Dirac mass, since the anomaly constraints require that N a + N b = 0 giving pairs of representations, (y, 2, 1, 5) and (−y, 2, 1, 5) etc., which are not mass protected.
The smallest allowed solution with mass protected fermions is therefore solution (ii) with two groupings of type a and two of type b. This solution is shown in detail in Table 2 . All anomalies cancel provided 4 i=1 N i = 0. We can now choose values of the N i .
The fermion contribution to the (first order)beta function for the U(1) running gauge coupling constant is proportional to y 2 . We therefore want to choose values of N i so as to minimise y 2 , in order that any U(1) Landau pole is at as high an energy as possible. This gives us the best chance that the solution of table 2 will be perturbatively valid up to the Planck scale and hence that our model will be self-consistent. However, this condition of minimising y 2 is also suggested by the small representation structure of the SM, as explained in section 2.1.2. Keeping in mind that the N i are integers, 4 i=1 N i = 0, and that the particles must be mass protected, we find that the minimum value of y 2 is given by
where m = 2. These values of N i give y 2 = 203.2, for the solution of table 2, which is much larger than the 40 3 per generation of the SM particles. In section 3.2 we explained that it was reasonable to consider that all new fermions could be included at a threshold no higher than 1.7 TeV. This should provide an accurate enough upper limit for the threshold for our purposes. Therefore, since the fermions will have the least effect on the running coupling constants if they are included at the highest possible threshold, we will assume that all these extra fermions can be included with a simple threshold at 1.7 TeV. We can now check whether or not this model has a Landau pole below the Planck scale.
There are four fine structure constants which we shall label by α 1 , α 2 , α 3 and α 5 corresponding to the four gauge groups U(1), SU(2), SU(3) and SU (5) respectively. The fine structure constants, α i , are related to the gauge coupling Table 2 : Smallest anomaly-free (subject to the constraint N 1 + N 2 + N 3 + N 4 = 0) set of mass protected fermions which all couple to SU(5). . The equations governing the running coupling constants to first order in perturbation theory [22] (a good discussion of RGEs in the SM is given in [23] ) can be integrated analytically to give
Representation under
where we calculate α i (µ) (the running coupling constants at the energy scale
is the sum of the weak hypercharges squared for all fermions with a mass below µ 0 and n mf are the number of fermion m and m representations of SU(m) with mass below µ 0 . n H is the number of Higgs doublets with mass below µ 0 . These equations assume that there are no fermions or Higgs scalars with a mass between µ 0 and µ. In order to calculate the value of α i (µ) when there are fermions or Higgs bosons with masses between µ 0 and µ we must do the calculation in steps, calculating the value of α i up to the mass of each particle. So we use the experimental values of the fine structure constants at M Z (including the top quark and Higgs boson in the beta functions at this scale) to calculate the coupling constants at 1.7 TeV, where we include the new fermions, and then run the coupling constants up to the Planck scale. This is a crude method since there would really be complicated threshold effects as each fermion was included. However these effects can reasonably be assumed to be small, relative to the changes in the coupling constants caused by the running from the electroweak scale to the Planck scale, and so we will use this much simpler method. Second order RGEs [24] could be used but the improvement over the first order RGEs would not be significant when compared to the error introduced by the naive assumptions made about threshold effects.
From [15] we find
We can now use the above equations to examine how the coupling constants behave up to the Planck scale. Since there is no experimental value for α 5 at any energy scale we shall assume that α −1 5 (M Z ) = 2, so that the SU(5) interaction is stronger than QCD at M Z and confines at the electroweak scale. Fig. 2 shows what happens for each group. For the graphs, we normalise the U(1) gauge coupling as if the U(1) group was embedded in a simple group. This essentially corresponds to a redefinition of g 1 :
So henceforth we use the standard GUT normalisation. Eqs. (35) and (39) now become,
As we can see from Fig. 2 ,
becomes negative at about 10 7 GeV which means that there is a Landau pole. So we can conclude that this theory would be inconsistent, at least as far as perturbation theory is concerned, without new interactions below 10 7 GeV. In fact we can show that there is no anomaly-free model, having all new fermions coupling to SU(5), with a desert above the TeV scale, which does not have a Landau pole below the Planck scale. The condition for no Landau pole below the Planck scale is
> 0. Therefore eq. (44) can be rearranged to give
Since, for the SM, Y 2 SM = 40 and n H = 1,
above the electroweak scale and so we can use eqs. (44) and (45) For each mass grouping {y, R}, with P R = 4S R fermions, we can calculate the value of Y 2 :
Therefore we have,
If there are several mass groupings,
P where P is the total number of fermions. So if we define P new to be the number of non-SM fermions, we can conclude,
So now we have shown that there must be less than 115 extra fermions. However the smallest solutions, subject to the constraints in this section, larger than two type a and two type b representations are three type a and one type c representations etc. which contain 120 fermions and so must cause a Landau pole below the Planck scale 5 . Therefore there are no possible anomaly-free models without a Landau pole, where all the new fermions couple to the SU(5) gauge group.
We will now examine the case where we allow some new SU(5) singlet fermions, as well as some fermions which couple to SU(5), in order to cancel the anomalies. We shall show that it is possible to have more SM fermions in such a model.
The SM G 235 Model With New SM Fermions
In this section we shall first examine sets of fermions (which are generalisations of the SM quarks) in groups, defined by eqs. (12) and (13), similar to the SMG. We shall then examine the particular case of the group SMG 235 and discuss the possibility of experimental evidence for and against this self-consistent model.
Fermions in the groups SMG 2M and SMG 2M N
In section 6.1.1 we shall examine the group SMG 2M . The SMG is an example of this type of group where M = 3. We shall show that this general group allows anomaly-free sets of fermions which consist of a generation of SM leptons and a generation of SU(M) 'quarks' which are a simple generalisation of the SU(3) quarks in the SM. 5 Using second order RGEs or a more complete analysis of thresholds would obviously change the precise limit in eq. (49). However, the charge quantisation rule in our model means that y cannot be zero and so it is not possible to attain the limit of eq. (51). In fact, the value of Y 2 new will generally be much greater than this limit. For example, three type a and one type c lead to Y We shall then show in section 6.1.2 that we can have anomaly-free sets of fermions in the group SMG 2M N without any leptons. We shall then examine the particular case of the group SMG 235 which we shall discuss in detail.
Fermions in the Group SMG 2M
In the SM, each generation is formed by taking the two mass groupings { 1 3 , 3} and {−1, 1} (where the representations 3 and 1 are of the group SU(3)) as explained in section 4 and appendix A. We will now consider a more general situation where we have the gauge group SMG 2M defined in section 2.1.1 (where M > 2 is a prime number) and the fermions are in the groupings {y 1 , M} and {y 2 , 1} (where the representations M and 1 are of the group SU(M)).
From section 4 all the gauge anomalies will cancel if
Since we also have the charge quantisation rule
where c 1 and c 2 are integers. We now have the condition that for no anomalies to be present
In the SM a lepton generation is formed (with the addition of a right-handed neutrino which can be removed without effecting any anomalies) when we have c 2 = 0 as explained in appendix A. If we insert this value into the above equation then we find
This can always be solved by setting
. In fact if M = 3 then this is simply one of the anomaly-free SM quark-lepton generations.
However, this is not a good solution for an extension of the SM (which would be obtained by considering SMG 2M ⊂ SMG 23M ) since it contains an extra massless neutrino which has already been ruled out by experiment. It is difficult to produce a neutrino with a mass so large that it wouldn't already have been detected, as explained in section 3.1.2. We could choose not to set c 2 = 0 or 1 above, which would force all the extra leptons to be massive (by leptons we mean any fermions which are only coupled to the electroweak subgroup, SU(2)⊗U (1)). This is because there would then be two SU(2) singlets which were charged (and at least one would have an electric charge of two or more, which is against our principle of small representations) and so both could get a mass by the usual SM Higgs mechanism since neither could get a Majorana mass. But even if we assumed that these leptons had masses higher than experimental limits this solution is not really favoured by our postulate of small values of weak hypercharge discussed in section 2.1.2. So in order to find a satisfactory solution we shall look at a similar general case.
Fermions in the Group SMG 2M N
Suppose we have the gauge group SMG 2M N , where both M and N > M ≥ 3 are mutually prime integers, which has the charge quantisation rule
Then with fermions in mass groupings {y 1 , (M, 1)} and {y 2 , (1, N)} (where the representations (M, 1) and (1, N) are of the group SU(M) ⊗ SU(N)) the condition for no anomalies is
The charge quantisation rule means that we can write
where c 1 and c 2 are integers. We then find that the condition for no anomalies becomes
Both N and M are odd and therefore there will always be a solution, since we can choose (m M + m N ) = M and 3 − 2c 1 to be an odd multiple of N. In general there will also be other solutions. In particular, for the gauge group G 5 ≡ SMG 235 we can have a fourth generation of quarks without any extra leptons, by choosing M = 3, N = 5, m 3 = 1 and c 1 = 1 above. Then
or equivalently 5c 2 = 2 + m 5
So we have a solution with c 2 = 1 and m 5 = 3. Table 3 : Left-handed fermions coupling to SU(5) in the mass grouping {− 1 5 , (1, 5)}. The electric charges are in units of 1 5 due to the charge quantisation rule.
Representation under U(1) Representation Electric Charge The representations of the left-handed fermions which couple to the SU(5) subgroup are shown in Table 3 . This is a generalisation of the quarks in the SM, coupling to SU(5) rather than SU(3).
In fact we have a solution with a fourth generation of quarks for the general group SMG 23N , where N is any odd integer greater than but not divisible by 3, by choosing c 2 = 1 and m N = (N + 1). This means that, if a fourth generation of quarks without leptons was detected, there would be no immediate way of deducing the value of N. Table 4 shows the properties of the left-handed fermions which couple to the SU(N) subgroup. Note that this is a generalisation of the SM quarks, coupling to SU(N) with the specific choice of m N = 1 2 (N + 1). If we set N = 3 we would in fact get a generation of quarks with the opposite chirality to those in the SM. This is to be expected since we are using these fermions to cancel the anomaly contribution of a 4th generation of SM quarks (with the usual chirality).
This solution, with a fourth generation of quarks and the fermions of Table 3 , for the gauge group SMG 235 is analogous to one SM quark-lepton generation in the gauge group SMG, in the sense that it is the smallest anomaly-free set of mass-protected fermions which couple non-trivially to all the gauge fields. The SM quark-lepton generation is shown to be the smallest such set of fermions for the SMG in appendix A. Note that although a generation of SM leptons and the fermions conjugate to those in Table 3 is a smaller anomaly-free set of fermions in the gauge group SMG 235 , none of these fermions couples to the SU(3) subgroup.
As stated in section 3.1.2, we take the limits on the masses of a fourth generation of quarks to be M b ′ > 130 GeV, M t ′ > 130 GeV and the top quark mass to be M t ∼ 170 GeV. We can now use the RGE equations, first to show that these additional fermions do not cause any inconsistencies such as gauge cou- Table 4 : Fermions coupling to SU(N) which would form an anomaly-free set of fermions together with a fourth generation of quarks.
Representation under U(1) Representation Electric Charge
pling constants becoming infinite below the Planck scale, and then to estimate upper limits on the values of the Yukawa couplings to the SM Higgs field of these fermions. This will lead to upper limits on the masses, indicating that the t ′ and b ′ quarks would be almost within reach of present experiments.
No Landau Poles
As in section 5 we can investigate how the gauge coupling constants vary with energy up to the Planck scale. Here we set the thresholds for all the unknown fermions (4th generation quarks and fermions coupling to SU(5)), as well as for the top quark and Higgs boson, to M Z . The absence of Landau poles in this case will guarantee their absence if some of the thresholds are set higher than M Z . From experimental limits we would expect that all these thresholds should be greater than M Z . We use eqs. (36)- (38) and (44) to run the gauge coupling constants up to the Planck scale as shown in Fig. 3 . Now we see that with a fourth generation of quarks and the fermions in Table 3 (i.e. far fewer fermions than the model in section 5.2 where all the new fermions coupled to SU(5)) there are no problems with Landau poles below the Planck scale. So our SMG 235 model with new SM fermions appears to be consistent.
Upper Limits for Yukawa Couplings
Now we can choose initial values for the Yukawa couplings at the Planck scale and use the RGEs to see how they evolve, as they are run down to the electroweak scale. Assuming no mixing for the quarks and neglecting the masses of all SM fermions except the top quark (a good approximation), the RGEs are, to one 5 (M Z ) = 2 was chosen so that it would be confine at the electroweak scale. There are obviously no Landau poles so this model is self-consistent. loop order in perturbation theory [22] :
where the SU (5) Fig. 4 . We observe quasi-fixed points similar to the case for the top quark in the SM [25] and these will provide upper limits on the fermion masses. However, the resulting Yukawa coupling for any fermion at M Z depends on the Yukawa couplings of the other fermions. Nonetheless there is an approximate infrared fixed point limit on Y 2 (S) and so one Yukawa coupling can be increased at the expense of the others. This limit on Y 2 (S) is quite precise if there is only one strong interaction at low energies, such as QCD in the SM 6 . We observe numerically that Y 2 (S) ≈ 7.5±0.3, provided the Yukawa couplings of the three heavy quarks are greater than 1 at the Planck scale and that the Yukawa couplings of the fermions coupling to the SU(5) gauge group are less than the Yukawa couplings of the heavy quarks at the Planck scale.
The values chosen for Fig. 4 have been chosen so that the top quark pole mass M t ≈ 170 GeV and the fourth generation quark pole masses are above the 
have been chosen, so that there is only a small contribution to the ρ parameter described in section 3.3. We discuss the electroweak radiative corrections in [20] and this SMG 235 model, with its 8 new doublets, is consistent with the experimental data at the 2-3 standard deviation level. However it is clear that any model with significantly more SU(2) doublets must disagree with the current experimental evidence. This rules out the similar models with gauge group SMG 23N where N is an odd integer greater than 5 and not divisible by 3. Table 5 gives the values of the Yukawa couplings at M Z and the corresponding pole masses, using eq. (29), for the quarks. For the fermions coupling to SU(5) we use the equation relating the pole and running masses,
Therefore these masses should be considered upper limits on the masses of the fermions for this particular choice of Yukawa couplings at the Planck scale. For other choices of Yukawa couplings at the Planck scale we could, for example, increase the mass of the fourth generation of quarks but this would have to be compensated for by a reduction in the mass of some of the other fermions.
These values for the masses are consistent with current experimental limits but are not so high that the new fermions could remain undetected for long. In fact the quark masses may even be within the limits of current accelerators. It is not clear whether the fermions coupling to SU(5) could be observed, since they would obviously be confined by the SU(5) gauge interaction which we take to confine at the electroweak scale. So even if they have masses of about 100 GeV, they would be much more difficult to detect than quarks with greater masses. For this reason we consider the clearest evidence for this model would come from the detection of a fourth generation quark. The masses of some of the new fermions could be increased, but not by much, since this would mean a reduction in the mass of other fermions. This means that this model is consistent and relatively easy to test.
For completeness we show the running of λ, the Higgs quartic coupling. The equation for the running of λ is given by [22] , 
The same low energy value of λ is obtained for any initial choice of λ at the Planck scale since the Yukawa couplings are at the fixed point. This means that the Higgs must have this fixed point mass. If the Yukawa couplings were slightly lower than their fixed point values we would obtain a small range of allowable Higgs masses. However, this range would always be somewhat below 172 GeV.
Conclusions
We have discussed extensions of the SM having a similar gauge group structure to the SM itself. In particular we have been guided by the requirement of an anomaly-free theory, with additional mass protected fermions satisfying a generalised charge quantisation rule. We were thereby lead to extend the SM cross product group, U(1) ⊗ SU(2) ⊗ SU(3), by adding extra SU(N) direct factors, with the 'N's greater than 3 and mutually prime. A generalised charge quantisation rule, involving each direct factor, was then obtained by dividing out an appropriate discrete group. Extending the SM in this fairly obvious way produces the groups SMG 23N , SMG 23M N etc. Another feature we take over from the SM is the principle of using only small (fundamental or singlet) fermion non-abelian representations. For the abelian representations we take the condition that weak hypercharges should be chosen to be close to zero. More precisely, we minimise the sum of weak hypercharges squared over all the fermions. The extra SU(N) groups introduced confine and form fermion condensates having the same quantum numbers as the SM Higgs doublet. It follows that the extra SU(N) groups act as partial technicolour groups and must confine near the electroweak scale. However, the SM Higgs field is still responsible for all the fermion masses, albeit with a somewhat reduced VEV.
We have studied in detail the conditions for anomaly cancellation in our minimal extension of the SM gauge group, SMG 235 . It is not possible to construct an anomaly-free model using new mass protected fermions which are all non-singlet under SU(5), without encountering a Landau pole in the U(1) fine structure constant well below the Planck scale. However it is possible to construct a consistent model with a fourth generation of quarks but, instead of an extra generation of leptons, with a generation of the fermions coupling to SU(5) as given in Table 3 .
A similar solution with a fourth generation of quarks and a generation of SU(N) fermions as given in Table 4 is possible for the gauge group SMG 23N . However the number of SU(2) doublets in the model increases with N and hence their contribution to the electroweak radiative corrections becomes more important. The SMG 235 model is just consistent with the precision electroweak data but SMG 23N models with N > 5 are probably ruled out [20] . Similarly the SMG 23M N models would be inconsistent with the precision electroweak data.
The SMG 235 model with a fourth generation of quarks and a generation of SU(5) fermions seems to be phenomenologically consistent. It requires the existence of t ′ and b ′ quarks at or below the top quark mass scale; this is consistent with current experimental limits but they could not remain undetected for long. However it is unlikely that the SU(5) fermions could be observed with current accelerators; they would be confined inside SU(5) 'hadrons', with a confinement scale of order 200 GeV and would have a small production cross section at present hadron colliders. Even if this model doesn't turn out to be correct we hope that the derivation might at least highlight some of the important features of the SM and some of the unique qualities of the SM, which appears (admittedly almost by definition) as the smallest case of our more general models.
A Deriving the SM Generation
A.1 The SM Generation
In the SM there are 3 generations of fermions which are identical except for their masses. Each generation consists of 15 Weyl fermions and can be divided into a lepton generation and a quark generation. The quarks couple to the SU(3) gauge group, whereas the leptons are SU(3) singlets and so do not 'feel' the strong force. The properties of these fermions are shown in table 6. The fermions are labelled as in the first (lightest) generation. 
The quark generation is formed by the representations (
. This is precisely the mass grouping { 1 3 , 3} (where the representation 3 is of the gauge group SU(3)) described in section 4. All the quarks get a mass by the Higgs mechanism. The lepton generation is formed by the representations (−1, 2, 1) L and (2, 1, 1) L of the same gauge group. However, this is not the same as the mass grouping {−1, 1} because there is no right-handed neutrino (representation (0, 1, 1) L ) in the SM. This means that the neutrino is massless in the SM but the electron can still get a mass by the Higgs mechanism. However, the lepton generation gives the same contribution to all anomalies as the mass grouping {−1, 1} would, since the right-handed neutrino would be totally neutral (i.e. would not interact with any gauge fields).
A.2 Derivation of the SM Generation
In fact, we can derive the SM generation using the following assumptions [1] : (i) The SM gauge group: SMG ≡ S(U(2) ⊗ U (3)). This includes the charge quantisation rule eq. (1).
(ii) Mass protection: This means that no fermions can form a gauge invariant mass term except by the Higgs mechanism. In particular we cannot have left and right handed fermions with the same representation of the SMG. Also we cannot have a right handed neutrino since it can get a Majorana mass. (iii) Anomaly cancellation: In addition to the cancellation of gauge anomalies, the Witten global SU(2) anomaly and the mixed gauge and gravitational anomaly must also be absent. (where S i is the dimension of representation i with weak hypercharge y i ) for all possible choices of mass protected fermions in fundamental or singlet representations of SU(2) and SU(3), assuming the charge quantisation rule, eq. (1), and cancelling all relevant anomalies. We note that for one SM generation (which satisfies assumptions (i) to (iii))
and we show that there is no other mass protected solution of the anomaly constraints with
So we shall prove that one SM generation also satisfies assumption (iv) and thus we will show that assumptions (i) to (iv) define the SM generation. Note that in order to satisfy assumption (iv) we must satisfy eq. (81). So in the following analysis we will implicitly assume eq. (81). Table 7 shows all allowed representations and their contribution of S y 2 2 . In order to satisfy eq. (81) we must choose N a = N b = 0, N c ∈ {0, 1}, N d ∈ {−1, 0}, N e ∈ {0, 1} and N f ∈ {−1, 1}. (We don't consider N f = 0 because this would be a right-handed neutrino which would not contribute to any anomalies and would be expected to get a Majorana mass of the order of the Planck mass). This means that we cannot have mass protected fermions of types a and b. So we can choose, without loss of generality, that there are no fermions of type b 7 . So we get Table 8 , which shows all allowed fermions and contributions to some anomalies. for all fundamental and singlet representations of SU(2) and SU(3) for any value of weak hypercharge which satisfies eq. (1). All 'N's are integers and S is the dimension of the non-abelian representation.
Representation of
Type SU(2) ⊗ SU(3) Table 8 ). Also note that all the types of representations in Table 8 contribute to the mixed anomaly, i S i y i . This means that we cannot use only type f fermions to produce an anomaly-free set of mass protected fermions. Therefore, if no fermions couple to the SU(3) group, there is no way to cancel the [SU(2)] 2 U(1) anomaly. So we can conclude that some fermions must couple to SU(3).
Suppose there are no fermions of type a. 3 and mixed anomalies using Table 9 . So we see that the anomaly-free set of mass-protected fermions which minimises the sum of the weak hypercharges squared, is one of type a, d 1 , d 2 , e 1 and f 2 . This is one SM quark-lepton generation.
A.3 Alternative Derivations of the SM Generation
There have been other attempts to derive the SM generation using various assumptions. Most notably Geng and Marshak [27] have tried to derive the SM generation using the constraints due to cancellation of anomalies. They also assume mass protection but not the charge quantisation rule eq. (1). Instead of minimising the sum of weak hypercharges squared, they try to find the minimum number of fermions required to satisfy these assumptions.
The smallest number of Weyl fermions found by Geng and Marshak is 14. This solution consists of the following representations of the gauge group U(1) ⊗ SU(2)⊗SU(3): (0, 2, 3) L , (y, 1, 3) L , (−y, 1, 3) L and (0, 2, 1) L . They rule out this solution because the SU(2) doublet cannot acquire a Dirac or Majorana mass, even with the spontaneous symmetry breaking of the gauge group. However, we know from the SM that the neutrino is massless and so there doesn't appear to be any reason why massless fermions should be excluded from such an analysis. (We could obviously use phenomenological arguments but that would defeat the purpose of trying to derive the SM generation). They also object to this solution because they feel it trivialises the cancellation of the mixed gravitational and gauge anomaly. In what sense the anomaly condition is trivial is not entirely clear, since not all fermions have zero weak hypercharge; but also why should it matter if a constraint is trivially satisfied? In our derivation this solution does not occur because of the charge quantisation rule. So by enforcing the charge quantisation rule, which we have taken as one of the defining properties of the SMG in section 2.1.1, we can avoid this solution without introducing dubious arguments about fermion masses.
If we then also add the assumption that all subgroups must have some fermion coupling to them, we can almost derive the SM generation. The problem is that we can scale all values of weak hypercharge for the SM fermions by a factor of (6n + 1) where n is any integer 8 . The SM generation is obviously the solution with the values of hypercharge closest to zero. We can express this by choosing to minimise the sum of hypercharges squared for this solution. But since we must introduce such an assumption why not use it from the start?! This then allows us to drop two of the above assumptions; that all subgroups must have a fermion coupling to them and that we should look for the smallest number of Weyl fermions. We are then left with the four assumptions used in section A.2. This seems more reasonable than introducing more assumptions with no justification.
